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Abstract—Let H(X;) be the differential entropy of an n-
dimensional random vector X; introduced by Costa. Cheng and
Geng conjectured that C1(m,n) : (—1)™ 1 (d™/d™t)H(X;) > 0.
McKean conjectured that Co(m,n) : (—=1)™V(d™/d™t)H(X,) >
(—=1)™*(d™/d™t)H(Xg:). McKean’s conjecture was only con-
sidered in the univariate case before: C>(1,1) and C3(2,1)
were proved by McKean and C>(i,1),7 = 3,4,5 were proved
by Zhang-Anantharam-Geng under the log-concave condition.
In this paper, we prove C>(1,n), C2(2,n) and observe that
McKean’s conjecture might not be true for n > 1 and
m > 2. We further propose a weaker conjecture Cs(m,n) :
(=)™t @™ /A" H(X:) > (—=1)"T (™ /d"t)H(Xe:) and
prove Cs5(3,2), C5(3,3), C5(3,4) under the log-concave condition.
A systematic procedure to prove C;(m,n) is proposed and the
results mentioned above are proved using this procedure.

I. INTRODUCTION

Shannon’s entropy power inequality (EPI) is one of the most
important information inequalities [1], which has many proofs,
generalizations, and applications [2]-[10]. In particular, Costa

presented a stronger version of the EPI [11].
Let X be an n-dimensional random vector with probability

density p(z). For t > 0, define X; = X + Z;, where Z; ~
N,,(0,¢I) is independent of X. Let pt§$t) be the probability
density of X; [19]. Costa’s differential entropy is defined to
be

H(X:) = —/ pt(x¢) log pe (e )dae. (D)
Rn

Costa [11] proved that the entropy power of X, satisfies
(d/dt)N(X;) > 0 and (d*/d*t)N(X;) < 0. Several new
proofs and generalizations for Costa’s EPI were given [12],
[15], [16]. Cheng and Geng further proposed a conjecture [14]:

Conjecture 1. H(X;) is completely monotone in t, that is,

Ci(m,n) : (=1)™+H(d™/d™t)H (X;) > 0.

Costa’s EPI implies C (1,n) and C1(2,n) [11], Cheng-Geng
proved C1(3,1) and C1(4,1) [14]. In [18], C1(3,2), C1(3,3),
C1(3,4) were proved with a systematic procedure.

Let Xg ~ N,(u,0?I) be an n-dimensional Gaussian
random vector and X = X + Z;. McKean [17] proved that
Xy achieves the minimum of (d/dt)H(X,) and —(d?/dt)
H(X}) subject to Var(X;) = 02 + ¢, and conjectured

Conjecture 2. Subject to Var(X;) = 02 + t, we have

Ca(m,n) : (=1)" (™ /d™ ) H(X,) 2 (=1)™H(d™ /d™ ) H(XGe).

McKean proved Co(1,1) and C5(2,1) [17]. Zhang-
Anantharam-Geng [13] proved C3(3,1), C2(4,1), and C3(5,1)
if the probability density function of X; is log-concave.

In this paper, we verified that C2(3,n),n > 1 could not be
proved by our procedure. So we conjecture that C2(3,n),n > 1
may not be true and propose

Conjecture 3. Subject to Var(X;) = 02 + ¢, we have

Cs(m,n) : (=)™ /A H(X,) > (1)L (@™ /d™ ) H(Xao).-

Conjecture 2 implies Conjecture 3 and Conjecture 3 implies
Conjecture 1, since H(Xqg:) > 0 [13].

In this paper, we propose a systematic and effective pro-
cedure to prove Cg(m,n), which consists of three main in-
gredients. First, a systematic method is proposed to compute
constraints R;,i = 1,...,N; satisfied by p:(z;) and its
derivatives. The condition that p; is log-concave can also be
reduced to a set of constraints Rj,j = 1,...,N>. Second,

proof for Cs(m,n) is reduced to the following problem
N1

N
Jpi €Rand Qj st (E—) piRi—» QjR;=S5) (©)

i=1 j=1
where @); is a polynomial in p; and its] derivatives such that
Q; > 0 and S is a sum of squares (SOS). Third, problem (2)
can be solved with the semidefinite programming (SDP) [20],
[21]. There exists no guarantee that the procedure will generate
a proof, but when succeeds, it gives a strict proof for Cs(m, n).
Using the above procedure, we first prove Ca(1,n), C2(2,n).
Then we prove C3(3,2), C3(3,3) and C3(3,4) under the con-
dition that p; is log-concave. C2(3,2), C2(3,3) and C3(3,4)
cannot be proved with the above procedure even if p; is log-

concave, which motivates us to propose Conjecture 3.

02(37 1) 03(372) 03(373) 03(37 4) [ (27n)
Vars 3 14 38 38 6
N1 6 63 512 512 8
No 0 0 6 6 0
Time 0.18 0.53 9.00 9.02 0.32
TABLE T

DATA IN COMPUTING THE SOS WITH SDP

In Table I, we give the data for computing (2), where Vars
is the number of variables (seen in Procedure 2.6), and Time
is the running time in seconds collected on a desktop PC with
a 3.40GHz CPU.

The procedure is inspired by the work [11]-[14], and uses
basic ideas introduced therein. In particular, our approach can
be basically considered as a generalization of [13] from the
univariate case to the multivariate case and as a generalization
of [18] by adding the log-concave constraints. We further
remark that it is not straightforward to extend the method
from the univariate case to the multivariate case which makes
the computational complexity increase dramatically. So as our
method, it is necessary to combine symbolic computation
and semidefinite programming to reduce the complexity. Also,
compared to [13], the log-concave constraints considered in this
paper are more general, and using SOS in this paper gives an
explicit proof.
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II. PROOF PROCEDURE

In this section, we give a general procedure to prove
Cs(m,n) for specific values of s,m,n.

A. Notations

Let [n] = {1,...,n}, [n]o = {0,1,...,n}, and 2; =
T1ty--.sTn,t]. We use p; to denote p,(z,) and denote
_ 0" p R ST
Pn = {8}11%1”5 T h=> hi,h; €N}

=1
and R[P,] to be the set of polynomials in P,,. For v € Pn,
let ord(v) be the order of v. For a monomial []/_, v with
v; € Py, its degree, order, and total order are defined to be
Yoy di, maxi_; ord(v;), and Y ._, d; - ord(v;), respectively.
A polynomial in R[P,,] is called a kth-order differential form,
if all its monomials have degree k£ and total order k. Let My, ,,
be the set of all monomials with degree k£ and total order k.
Then the set of kth-order differential forms is an R-linear vector
space generated by M, ,, which is denoted as Spang (M, ).
We will use Gaussian elimination in Spang (M ,,) by treat-
ing the monomials as bases. We always use the lexicographic
order for the monomials as defined in [19].

B. The proof procedure for Cs(m,n)

The proof procedure consists of four steps.
In step 1, we reduce the proof of Cs(m,n) into the proof
of an integral inequality, as shown by the following lemma,

whose proof will be given in section II-C.
Lemma 2.1: Proof of Cs(m,n),s = 1,2,3 can be reduced
to show

/ Eomon /p2™ Yz, > 0 3

n
where Es,m,n = Zal 10 Zam:1 EerL,n,am, A, =
(a1,--,0m), Fsmmn.a,, i a 2mth-order differential form in
R[Ps.n], and

ahpt

7 m,n — {
’ hq 4 1
OMimay ¢ OPmag,, +

:h €[2m —1]o;a; € [n],i € [m]}. (4)

In step 2, we compute the constraints satisfied by p;. We
consider two types of constraints: integral constraints and
log-concave constraints which will be given in Lemmas 2.3
and 2.5, respectively. Since E,,, in (3) is a 2mth-order
differential form, we only consider constraints which are 2mth-
order differential forms.

Definition 2.2: An mth-order integral constraint is a 2mth-
order differential form R in R[P,] s.t. f]R" pz,n%dxt =0.

Lemma 2.3 ( [18]): There is a method to C(ff)mpute the mth-
order integral constraints C,, , = {R;,i=1,...,N1}.

A function f : R™ — R is called log-concave if log f is a
concave function. In this paper, by the log-concave condition,
we mean that the density function p; is log-concave.

Definition 2.4: An mth-order log-concave constraint is a
2mth-order differential form R in R[P,] such that R > 0
under the log-concave condition.

The following lemma computes the log-concave constraints,
whose proof is given in section II-D.

Lemma 2.5: Let H(p;) E R[P,,]"*™ be the Hessian matrix
of pt, Vpr =

(a$pltf e 3171 f)

L(pe) 2 peH(pe) — VI pe Ve, 5)

and Ay, = 1,..., Ly the kth-order principle minors of
L(p:). Then the mth-order log-concave constraints are

l l
Cmn = {H(*l D1 Tyl | Zkz <m} (©6)
where T, ..k, € Spang(My,, o5 4, ) and Ty, g, > 0.
For convenience, denote
Cm,n:{Pj’j:L“wNZ}’ (7)

where P; represents []'_,(—1)% Ay, ,, in (6), which is a
(2 Zé:l k; )th-order log-concave constraint by Lemma 2.5.
In step 3, we give a procedure to write E ,, , as an SOS,

detail of which will be given in section II-E.
Procedure 2.6: For E ,, , in Lemma 2.1, Cy, , = {R;,i =
N1} in Lemma 2.3, and C,, mn = {P],j =1,. Ng}
in Lemma 2.5, the procedure computes ¢; € R and Q]
Spang (May,—deg P;,n) Such that

N1 Ny

Esmm —»_€iRi—» PjQ; =5 and 8)
- =

Q;j20,j=1,...,No ®

where .S is an SOS. If the log-concave condition is not needed,
we may set (); = 0 for all j.
To summarize, we have
Theorem 2.7: 1f Procedure 2.6 finds (8) and (9) for certain
s,m,n, then Cs(m,n) is true.
Proof: By Lemma 2.1, we have a proof for Cs(m,n):

®) Z 1" R; +Z 1 Q;+S
Ju 2tr;n7fdt =]R1 . 2'm,Jl L dy
(10)
s1 L PjQj+S s2 S3
= fR 772# 1J dzy > fR 2775—1‘19315 E
Py

Equality S1 is true, because R; is an integral constraint by
Lemma 2.3. By Lemma 2.5 and (9), P;Q; > 0 is true under
the log-concave condition, so inequality S2 is true under the
log-concave condition. Finally, inequality S3 is true, because
S >0 is an SOS. |

C. Proof of Lemma 2.1
Costa [11] proved the following basic properties

do: — 12y,

t

da(Xx V| an
X0 = _1EV2logpr] = L fom %m = 3J(X0),

8 Pt ||th [

where V2p; = Z and J(X;) & is the Fisher

information [6] pt satlsﬁes the heat equanon by equation (11).

For s = 1, Lemma 2.1 was proved in [18]:
Lemma 2.8 ( [18]): For m € N,;,~1, we have

(=1)mH(d™/d™e) H (Xy) :/ E1mon /P2 Nay)day,  (12)
m—1
where Ej . = p?m—l[( 1)m+1; dm7 (I\thll )
=1 2a =1 Blmmna, 18 a 9mth order d1fferential

form in R[Py, »].

To prove Lemma 2.1 for s = 2,3, we need to compute
(d™/d™t)H(Xqy). Since X ~ Ny (11, 0%I) and Xy 2 X+
Zs, X(;t ~ N, (,u, (02+4t)I) and the probability density of Xy
is Dr= (U%+t) [t — pl?)-

(2ﬂ(02+t))n/2eXp(
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Lemma 2.9 ( [19]): Let T = V2logp; and T = VZlogpy.
Then under the log-concave condition, we have
NG RO .

E[(=T)™] = [E( T)] > [E(-T¢)] 13)

@ (_1)m+1 2n™

(m—1)! (dm/dmt)H(XGt)

N Lemma 2.10 ( [19]): For T = VZlogp; and m € N,,~1, we
ave
n EO,m,n

E[(-T)™] = /R Zo.mm
t

Where EO,m,n = 221:1 e szzl EO,m,n,ams am = (a17 R a'm),
and Eg m n,a,, 1S @ 2mth-order differential form in R[Py, ,].
We can now prove Lemma 2.1 for s = 2, 3. Let

day (14)

1)!
Easmmn =FEi,mn — %m ) 0,m,n (15)
1
EB,m,n = El,m,n - T;nwlz) EO,m,n

where E ,, ,, and Ey ,, ,, are from Lemmas 2.8 and 2.10. By
Lemma 2.9, Cs(m,n) is true if f]R p;m'” ~dx, > 0 for s = 2, 3.
Together with Lemma 2.8, Lemma 2.1is proved.

From Lemma 2.9, we can prove C3(1,n), that is

Theorem 2.11: Subject to Var(X;) = (02 + t) x I,
(— 1)7”“1:1i H(X,) achieves the minimum when X, is Gaussian
with variance (02 +t) x I for t > 0 and n > 1.

Proof: Among distributions with a fixed variance (o2 +

(13)
t) x I, we have (d/dt)H(X,) ‘2 1B(-T) > LE(-Tg) &
(d/dt)H(X¢¢), and the theorem is proved. |

D. Proof of Lemma 2.5

A symmetric matrix M € R"*" is called negative semidef-
inite and is denoted as M = 0, if all its eigenvalues are
nonpositive. From [20], p; is log-concave if and only if for
all z € R™ and ¢t > 0, L(p;) in (5) is negative semidefinite. By
the knowledge of linear algebra, L(p;) < 0 if and only if

(—1)FAp, >0for1<k<n1<I< (:) (16)

where A\, ; is a kth-order principle minors of L(p;). Note that
elements of L(p;) are quadratic differential forms in R[P,].
Then (—1)¥Aj, is a kth-order log-concave constraint. As a
consequence, [[5_, (—1)¥ Ay, 1,Qk, ... k. is an mth-order log-
concave constraint, if Qg, .. k. € Spang(Ma,, 2 e kin)
and Q... k., = 0. This proves Lemma 2.5. And an illustrative
example has been presented in [19].

E. Procedure 2.6

The inputs: E,,,, and R;,i = 1,...,
differential forms in R[P,]; P;,j =1,...,
differential forms in R[P,].

The outputs: e; € R and Q; € Spang(My(m—_,)n) such
that (8) and (9) are true; or fail meaning that such e; and Q;
are not found.

S1. Treat the monomials in M,, ,, as new variables m;,[ =
1,..., Ny, n, which are all the monomials in R[P,,] with degree
m and total order m. We call mym; a quadratic monomial.

S2. Write monomials in Cy,,, = {R;,i = 1,...,N1} as
quadratic monomials if possible. Doing Gaussian elimination
to C,,,,, by treating the monomials as bases and according to
a monomial order such that a quadratic monomial is less than
a non-quadratic monomial, we obtain

= Cm,n,l U Cm,n,27

Cm,n

Ny are 2mth-order
Ny are 2k;th-order

where C,,, 1 is the set of quadratic forms in m;, Cy, .2 is the
set of non-quadratic forms, and Spang (Cp,.) = Spang (Cpn ).

S3. There may exist intrinsic constraints. For instance, for
my = pf(aazgfitt)Q mg = pt(a‘z‘t)%@ L and s = (g2e)*
in My, an intrinsic constraint is m1m3 — 2 = 0. Add the
intrinsic constraints which are quadratic forms in m; to Cy .1,
we obtain

é\m,n,l = {El,l = 1, [N 7N3}.

S4. Let Mo—k)m = {mjr,k = 1,...,V;} and Q; =
Zk 19j,kMj ., Where g;, € R are variables to be found
later. Let R; be obtained from P;(); by writing monomials
in P;Q; as quadratic monomials in m; and eliminating the
non-quadratic monomials with Cy, ,, 2, such that R; — P;Q; €
Spang (Cr,.,n) and Rj = Z}/;l ¢;1h;1, where hj; € Rm;, Py
If hj;; is not a quadratic form in m; for some I, then set
R; = 0 and still denote these constraints as ém,n ={R;,j =

.7N2}.A

S5. Let E,,,,n be obtained from Ej,,, by eliminating
tkle non-quadratic monomials using Cy, ,, 2 such that E ,, ,, —
Esmn € SPaER(Cm,ng) - SpanR(Cmm).

S6. Since Es 1 p, R“i =1,...,Nsand R;,j =1,..., Ny
are quadratic forms in m;, we can use the li/[atlab software
given in Appendix A of [19] to compute p;,q; s € R s.t.

Esmn — i pilti — Y02 Ry = S,
R; = 25:1 qjihji,3=1,...,N2
Vi .
Qj=>21q5,m;12>0,j=1,...,No
where S = Z (30 egymy)? is an SOS, ¢, e € R
and ¢; > 0. If ( 17) and (18) cannot be found, return fail.
S7. Since Ri, Esmn — Esmn, Rj — P;jQ; are all in

Spang (Cy,.»), equations (8) and (9) can be obtained from (17)
and (18), respectively.

an

(18)

ITI. PROOF OF C3(2,n)

We prove C(2,n) using the procedure given in section II-B.

Theorem 3.1: Subject to Var(X;) = (o2 +t) x I, Gaussian
X; with variance (02 + t) x I achieves the minimum of
(—1)ntt ;th(Xt) for t >0 and n > 1.

When m = 2, (13) holds without log-concave condition.
Thus, in this case, the log-concave conditions are not needed,
we set (); = 0 in (8).

A. Compute E5 o,

In step 1, we compute Fs 5 ,, with (15):

d2H(X 1 \VZ 2 52 B
- - el on pt)Q:/ 22Nz, (19)
d“t 2n p2 P
where
Ve 2 Voo ll2—pr Vg )2
Bpon =—$(5el2y L (V0 p Vi)

Py
—1p?Vpe - V(V2p:) + pil| Vpel|2V2pe

— 5= (IVpel|? = pe V2pe)?

n n 1 (20)
= Z > (T1,a0 — 35T2,0,6), and
1b 1
_ 2 _Opt 3 pe 1 Apr \2 9°pt
Trap = 2pt O0xa,t Oxq,10%xy 4 + 4pt(aza,t) %ay ¢
Pt \2 %p Opr |2 %p
Toan = (257 — po 22 ) (225)° — po o)
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B. The second order constraints

In steﬁ 2, we compute the second order integral constraints.
Due to the summation structure of Fs 5 ,, in (20), we introduce
the following notations

" pe
8h1 $a,t8h2 Tht

Va,b :{ :h=h1+hg € [3}0} 21
where a,b are variables taking values in [n]. Then Ps,, =
Us—1 Up—1 Va,b- The second order integral constraints are [19]:
— {R(Q)

@ R AT:5=1,2a,b € [n]}. (22

=1

C. Prove C5(2,n)

In step 3, we use Procedure 2.6 to prove Cs(2, n) with E3 o ,,
and Ca 5, in (22) as input. It suffices to write

Eaon— Y. cRR=S>0 (23)

REC2,,
where cp € R and S is an SOS. From (23), a proof for
C3(2,n) can be given based on Theorem 2.7. Since C3(2,1)
was proved in [13], [17], we will consider C5(2,n), n > 2.
Due to the parameters a and b, the problem cannot be proved
directly with Procedure 2.6. We will reduce the problem to a
“finite" problem which can be solved with Procedure 2.6.

From (19) and (22), to prove (23), it suffices to solve
Problem I. There exist ¢1,co € R and an SOS S such that

n

> (Tiab —

1b=1

S

ATy ap+ C1R(O) st CzRéoc)L,b)

\gEl

Eaon =

a

under the constraints RZ apt=1...,17 given in (22).
Motivated by symmetric functions, for any function f(a,b),

&

ab=1

By (24), we have

f(a,b) =

iy (f(asa) + F(6,0)] + [F(a,b) + f(b,0)] }
24

n
>
1<a<b

~ _ - v 1 (0) (0)
Ez2n = 2 Z (T1,a0 — 55 T2,00 + 1Ry, + 2Ry p

a=1p=
—Z[ (Tlaa"l‘leb_

a<b
+62(R(2?3,,a + Ré”lb)) +T1a6+T10 — 55 (T2,0.6 + T2,6,0)
+er (RO, + RO )+ ea(RY) , + R )]
= E {?1 T [(T1,a,a + T1o) — 5 (T20a,0 + T20,0) + C1(R(1O()1 @
+C2(Ré°3. o T B D+ 2 [(Toraa + Tops) = (Toa b + Taba)]
H(Traw + Trva) + 1 (RO, + RO )+ ca(RY) , + Ré“?,,a)]}

(ﬁLl‘a,b + 5=Laap + L&a,b) ,

S (T2a0 + Tanp) + (RO, + RO,

1<a<b<n
where
Liap = (Tha,a + T1,,6) — 3(T2a,0 + T2,0,0)
0 0 0 0
+a(RY) + R )+ ea(RY, , +RY, ),

Laap = (T2,a,a +T200) — (T2,a,6 + T2,b,a);

Ls,a0 = (T1,a,6 + T1,b,a) + CI(R<O) bt R§Oz)>.,a) + C2(R;?L)1,b + Rg(,)l)ha)'

To prove Problem I, it suffices to prove
Problem II. There exist ¢1,co € R and SOSs S1, S5, S35 such
that L1,a,b = 51,L2 44 =52, L3 4 = S3 under the constraints
Rmb,i:l,...,l?.

In Problem II, the subscripts ¢ and b are fixed and
we can prove Problem II using Procedure 2.6 with
Llab,Lgab,LgabandR 1=1,...,17 as input.

i,a,b?

(0)
+ R,

Step S1. The new variables are all the monomials in R[V, ;]
with degree 2 and total order 2 (V,; is defined in (21)):

2
mlz( ,m2:( ),m'i

9pt(z4)
Tp,¢

— Opi(zy) Opt(=t)

Ta,t Tyt

Gpt(l't))2

Ta,t

2 xT 2 xT xT
ma = p(0) G2 s = py(e) P g = pe(w) Zpelee).
Step S2. We obtain Co,, 1 = {R;,i=1,...,7} and Co 0 =

{R;,i=1,...,10} using Gaussian elimination, where
ﬁl = mime — 2m3 + 27rL3m4, R2 = —2moms3 + maoma + 2msme,
Rs = —2m2 + 3mame, Ry = —2mams + mima + 2mzms,
Rs = mams — 2m3 + 2m3my, RG = —2moms3 + 3mamy,
R7; = —2m1 —+ Smlmr
= 2 a3 2 9 a3 2
Ry = yzn azitf 332 Pt — mame + mﬁ) R2 = Pt az};tt 83;: — mims + mg,
D 2 9 8
R3 = p; 8Tll;tt e fffztlT — m3myg + 7n4,
_Op¢ 8‘5[’1 _ 2
R47Pt Dy, ¢ DQTatht mamy + mjy.
Here, R5, ..., R1o are omitted, since they are not used in the
f 55 ) 0
proof.

Step S3. There exists one intrinsic constraint: Rg = mjmg —
m3 and N3 = 8.
Step S4 is not needed, since there are no log-concave

constraints. ) o
Step S5. Eliminating the non-quadratic monomials in Ly , 3,

L b, and L3 o3 using Cz 5, 2, and doing further reduction by
Ca.pn,1, we have
Liap =Liap+ (3 - c1)Ri + (3 - c1)Ra — (1 + c2)Rs — (3 + c2) Ry
E2,a,b =Lz ab — 2R + %ﬁs —2Rs + %1?57

2 2 2
= 7%m1m5 — %mgmﬁ + 6m3 — 8mzmg + mz — 2msme + Mg,

L300 =Lzap+(3— 1)§3+(%*61)§4+(01762*%)§1
+(c1 —c2 — i)Rr

= mg — 2m3mg + m4 + 01(74m§ + 6msmg — Qm?l + 2msme)
which are quadratic forms in m;.
Step S6. We obtain the f0110w1ng SOS representation

Llab*O L2ab*zkak+(m1—m2_m5+m6)7 @5)

L3,a,b = (m3 —my)?,

where p1 = 3, p2 = 3, p3 =2, ps = —2, pr = 2,1

co = pg = ps = pgs = 0. So, Problem II is solved and thus
C3(2,n) is proved.

IV. PROOF OF C3(3,n) FOR n = 2, 3,4 UNDER THE
LOG-CONCAVE CONDITION

We use the procedure in section II-B to prove C3(3,n) for
n = 2, 3,4 under the log-concave condition.

A. Compute E3 3,
In step 1, we compute Fs 3, in (3) and (15):
2 2
) — (IVpel| QPtV Dt 3 (g)/ ESB”dz 26)
Pt " pt

:Za 1217 120 1E3abc and

1 d2
2 dt2

([ Vpe|?
Pt

Lg

n3

where E3 3,

4 3 :
Fs oy, = Pb__0%n py v op: py 9%py
3,a,b,¢ 1 Drq 102%w0y Org 102wy 1 0%qa,t Ozg 1027y ¢ O2T0 1
P 3 ' ’ :
4Pt Opt % v} oo 9% 9Pn
4 0wq,t 9wy 1027y, 102w ¢ 4 9wq t Oxg 102z ¢ O2ay 4
2 > ’
4 PE opr \2 _9%p; _9%py _ i apy 2 a%py
4 \9zq,t a%b PR 8 \Ozq,t 02ay, 10%2x,
Pt \2 3 pt _Opt 2
[(aT )° = Pt( )][( Dy ¢ )
Pt \2 9% py
P (N2 m(%c’t )]
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B. Compute the third order constraints
Similar to (21), we introduce the notation

(9hpt

Vabo = ch=hi+hs+hs €[5 27
b {B’lea,ta’mxbytahs%,t L he+hy € Blo} 27
where a, b, ¢ are variables taking values in gn]
The third order integral constraints are [13]:
sn ={R), ., i=1,...,955ab.c€ ]} (28)

Note that we do not use all the third order constraints in [18].
From Lemma 2.5, we can compute the third order log-
concave constraints:

C32={R1=-A11Q1,R2=—-A12Q2,R3 =2121Q3}, (29

where @1, Q2 € Spang (M 2) and Q3 € Spang(Ms ). Note
that C3 2 does not contain all the log-concave constraints in
Lemma 2.5. The constraints C3 2 are enough for our purpose.

For n > 2, we need certain log-concave constraints in

d dp. 0 A
a special form. Let Vipy = (525, 7205, 7225 ), Lu(pe) =

T
ptH1(p:) — Vi peVip:, where
9%py %py 92p,
622(1,1, 0Tq,t0Tp ¢ Oxq tO0xc,t
_ %p; %p; %py
Hl(pt) - 0xq,t0Ty ¢ 82.rbyt Oz 1 0xc,t ’
azpt azpf 82Pt
Oxq tO%c t Oz, 10Tt azzc .
and A;C ;0 = 1,..., L the kth-order principle minors of

Ll(pt) Let M, be the set of all monomials in V, 5 . (defined
in (27)) which have degree k and total order k. We have
CS,n - {7A171Q1,17 - 172Q1,27 - 1,3Q1,37
DY Q21,05 5Q2,2, A 3Q2,3, —A% 1Q3,1}
where Q1,; € Spang(M}), Q2,; € Spang(M3), and Q3,1 € R.
C. Proof of C3(3,2)

The proof follows Procedure 2.6 with E3 35 given in (26)
and the constraints in (28) and (29) as input.

In Step S1, the new variables are M3 o and are listed in the
lexicographical monomial order [19].

In Step S2, the constraints are C39 = {R§3abC S

.,955; a,b, c € [2]}. Removing the repeated ones, we have
N; = 135. We obtain C3 1 and C3 22 which contain 48 and
52 constraints, respectively.

In Step S3, there exist 15 intrinsic constraints [19]. Thus,
C 3,2,1 contains 63 constraints and N3 = 63.

In Step S4, we obtain C(3,2) which contains 3 quadratic
form constraints.

In Step S5, eliminating the non-quadratic monomials in
Es 32 using C3 22 to obtain a quadratic form in m; and then
simplifying the quadratic form using C3 2 1, we get E3 3,2 [19].

In Step S6, using the Matlab software in Appendix A of
[19] with E339, C32,1 and Cs o as input, we find an SOS
representation for E37372. Thus, C3(3,2) is proved under the
log-concave condition. The program to prove C3(3,2) can be
found in https://github.com/cmyuanmmrc/codeforepi/.

Remark 4.1: We fail to prove C3(3,2) even under the log-
concave condition using the above procedure. Specifically,
we cannot find an SOS representation for Fs 32 in Step
S6. Since the SDP algorithm is not complete for problem
(17), we cannot say that an SOS representation does not
exist for E3 3 9. The program for C5(3,2) can be found in
https://github.com/cmyuanmmrc/codeforepi/.

(30)

D. Proof of C5(3,3) and C3(3,4)

In this subsection, we prove C3(3,

3), C5(3,4). Motivated by
symmetric functions, we obtain

n

E33n=2310=12b=120c=1F3abc= >  J33mn,
1<a<b<celn
where
J3,3,n: W[Es,a,a,a + ES,b,b,b + ES,c,c,c] + ﬁ[ES,u.,a,b

+ ES,a,b,a + ES,b,a,a + ES‘a,a,c + EB,a,c,a + EB,c,a,a + ES,b,b,u

+ E3b,ab+ E3 a0+ E3bb,et E3beb+ E3cbb+ Escea

+ FEsca,ct+ Esacec+t Esceb+ Esecpet Espeecl+[Esabec

+ E3.a,e0 + Espac + E3b,ca + E3,c,0,0 + E3,¢,b,a]- G31)

From (31), if we prove Js 3, > 0, then E3 3, > 0. It is clear
that J3 3, has much fewer terms than E3 3 ,,.

In J3 3., given in (31) and the constraints in (28) and (30), we
may consider axd - (%db and 5 d as the differential operators
without giving concrete Values to a b, c.

First, we prove of C5(3,3) using Procedure 2.6 with J3 3 3
given in (31) and the constraints in (28) and (30) as the input.

In Step S1, the new variables are M5 = {m;,i=1,...,38}
which is the set of all monomials in R[V, ; ] with degree 3
and total order 3.

In Step S2, the constraints are: Csj, pabe U=

.,955}, N1 = 955. We obtain Cs, 1 and ang, which
contam 350 and 328 constraints, respectively.
__In Step S3, there exist 189 intrinsic constraints. In total,
C3n,1 contains 539 constraints. Using R-Gaussian elimination
in Spang (Cs.,.1) shows that 512 of these 539 constraints are
linearly independent, so N3 = 512.

In Step S4, we obtain C3, from Cs, which contains 6
constraints.

In Step S5, eliminating the non-quadratic monomials in
J333 using C3, 2 and then simplify the expression using
Cg)n’l, we obtain :]\373)3.

In Step S6, using the Matlab software in Appendix
A of [19] with J333, C3,1 and Cs3, as input, we
find an SOS representation for :]\3,3’3. Thus, C3(3,3) is
proved. The program to prove C3(3,3) can be found in
https://github.com/cmyuanmmrc/codeforepi/.

To prove C3(3,4), we just need to replace the
input from Js333 to Jszs4 in the Step S5 in the
above procedure. In the same way, C3(3,4) can be

proved. The program to prove C3(3,4) can be found in
https://github.com/cmyuanmmrc/codeforepi/.

V. CONCLUSION

In this paper, the lower bound for the derivatives of H(X;)
are considered. We first consider a conjecture Cs(m,n) of
McKean in the multivariate case. We propose a general proce-
dure to prove inequities similar to Cs(m, n). Using the proce-
dure, we prove Cs(1,n), C2(2,n) (new result) and notice that
C3(m, n) cannot be proved for m > 2 and n > 1 with the pro-
cedure, which motivates us to propose the a weaker conjecture
C3(m,n). Using our procedure, we prove Cs5(3,2),C5(3,3),
and C5(3,4) under the log-concave condition.
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